The thermodynamics of pairing phase-transition in nuclei is studied in the canonical ensemble and treating the pairing correlations in a finite-temperature variation after projection BCS approach (FT-VAP). Due to the restoration of particle number conservation, the pairing gap and the specific heat calculated in the FT-VAP approach vary smoothly with the temperature, indicating a gradual transition from the superfluid to the normal phase, as expected in finite systems. We have checked that the predictions of the FT-VAP approach are very accurate when compared to the results obtained by an exact diagonalization of the pairing Hamiltonian. The influence of pairing correlations on specific heat is analysed for the isotopes 161,162 Dy and 171,172 Yb. It is shown that the FT-VAP approach, applied with a level density provided by mean field calculations and supplemented, at high energies, by the level density of the back-shifted Fermi gas model, can approximate reasonably well the main properties of specific heat extracted from experimental data. However, the detailed shape of the calculated specific heat is rather sensitive to the assumption made for the mean field.
I. INTRODUCTION
In the last decade there is a renewed interest for studying the fingerprints of pairing correlations in the thermodynamic properties of excited nuclei. This interest was triggered by the new accurate measurements of level density at low excitation energies. Thus, a special attention was payed lately to the influence of pairing on the low-temperature behavior of the specific heat in the isotopes 161,162 Dy and 171,172 Yb, extracted from the level density measurements performed by the Oslo group [1] . The possible thermal signatures of pairing correlations in these rare earth isotopes have been studied either with schematic models or employing various approximations which go beyond the standard BCS approach. As it is by now well documented, due to its drawbacks, i.e., particle number fluctuation and quasiparticle parity mixing, the BCS theory is not well-suited to describe pairing effects in hot nuclei. One alternative to cure these drawbacks is to use the particle-number projected BCS approximation extended to finite temperature. How this approximation can be implemented for performing variation after projection calculations at finite temperature (FT-VAP) was recently discussed in Ref [2] . This approach will be applied here to investigate the effect of pairing on thermal properties of Dy and Yb isotopes mentioned above.
In Ref. [3] it was argued that the S-shaped form of the specific heat in Dy and Yb isotopes is generated by the transition from the superfluid to the normal phase. This conclusion was drawn by the comparison with the specific heat of a non-interacting Fermi gas which was described by the back-shifted Bethe formula [4] . However, this comparison is misleading because the Bethe formula is not valid for low energy excitations (e.g., see [5] ), where the pairing correlations are expected to be important. In this study we shall re-analyze this issue in the framework of FT-VAP approximation and using for low energy excitations level densities extracted from self-consistent mean field calculations.
The article has the following structure. First, we present the calculation scheme we use to evaluate the thermodynamic properties of nuclei related to the pairing interaction. Afterwards, using single-particle spectra generated by self-consistent mean field models, we analyze the effect of pairing on the partition function and heat capacity. Finally, a critical discussion on the comparison with experimental data is made.
II. STATISTICAL TREATMENT OF PAIRING INTERACTION IN FINITE SYSTEMS
To analyze the effects of pairing correlations upon the thermodynamic properties of hot nuclei we consider the hamiltonian:
where the second term is the pairing interaction which scatters pairs among time-reversed single-particle states (i,ī). This hamiltonian can be used for realistic description of pairing correlations in heavy nuclei for which proton-neutron pairing can be neglected. For many years the pairing correlations in hot nuclei have been described in the framework of finitetemperature BCS/HFB models (FT-BCS/HFB) [7] . However, FT-BCS is the proper theory for infinite systems but not for finite systems such as atomic nuclei. This is reflected in the fact that FT-BCS predicts a sharp (second order) superfluid-normal phase transition, in contrast to a smooth transition, as expected in hot nuclei [2] . This drawback of FT-BCS is related to the improper treatment of particle number conservation, pleading in favor of approaches that explicitly conserve particle number. Several calculation schemes have been proposed along this line, e.g., based on Shell-Model Monte-Carlo (SMMC) calculations [6] or the method proposed recently in Ref. [9] . In the present study we shall explore a variational method which is the generalization of the particlenumber projected BCS model to finite temperature. This method, called below finite-temperature variation after projection (FT-VAP) approach, has been recently tested [2, 11] in the case of schematic pairing models. Here the FT-VAP approach will be extended and applied to describe thermodynamic properties of hot nuclei. In order to test the validity of FT-VAP in realistic applications, we perform also thermodynamic calculations based on the spectrum of the pairing Hamiltonian (1) obtained by direct diagonalization.
A. Input for pairing Hamiltonian
In the applications presented below the single-particle (s.p.) states employed in the Hamiltonian (1) are taken from mean-field models. Thus, we have used two sets of s.p. states obtained, respectively, from Skyrme-HartreeFock (HF) and Relativistic Mean-Field (RMF) calculations allowing, in both cases, axial symmetry deformation. The Skyrme-HF equations are solved with the code EV8 [12] and using the force Sly4 [13] while the RMF calculations are done with the force PK1 [14] . The s.p. energies around the Fermi energy for the isotopes 162 Dy and 172 Yb obtained in Skyrme-HF and RMF [15] calculations are shown in Figure 1 . These energies are also considered in the calculations done for the odd isotopes 161 Dy and 171 Yb. In HF and RMF calculations a deformation of about β 2 = 0.35 is found both for 162 Dy and 172 Yb, β 2 being defined by
where A denotes the mass number, R 0 = 1.2A 1/3 andQ 2 is the quadrupole operator. As commonly done in BCS calculations at zero temperature, pairing interaction is considered acting in a limited energy window around the Fermi level. In this window the matrix elements of the pairing interaction are taken equal to a constant strength, i.e., V ij = G. In the calculations presented below for Dy and Yb isotopes we have considered an energy window of 3 MeV. The pairing strength G is fixed at BCS level in order to give a pairing gap approximately equal to 0.8 MeV both for protons and neutrons. The number of single particle states and the active nucleons as well as the corresponding pairing strength G for the energy window of 3 MeV are given in Table I .
B. Pairing treatment in canonical ensemble
The thermodynamic properties of pairing interaction are calculated here in the canonical ensemble [8] . The key quantity is the canonical partition function
where β = 1/T and D N [β] denotes the statistical Nbody density operator. The trace has to be taken over the states with well-defined proton and neutron numbers. Using the eigenstates {E n } of the hamiltonian H, the partition function can be written as [23] 
where ρ(E n ) stands for the level density. Quantities of physical interest are obtained from the derivatives of the partition function. For instance, the thermal energy can be evaluated through
where
In the case of the Hamiltonian (1), using a pairing force restricted to a narrow window around the Fermi level, one can obtain the eigen-energies E n by direct diagonalization in subspaces of given seniority. Such approach is certainly the most direct way to describe statistical properties of pairing at fixed particle number. However, this approach can be only applied at low temperatures because only in this case the pairing active window can be taken small enough for allowing exact diagonalization. Alternatively, the statistical properties of pairing interaction are usually investigated in the framework of quasiparticle models, such as BCS or HFB, in which the excitations can be easily obtained and the pairing gap is built from outset. Thus, in the finite-temperature BCS (FT-BCS) approximation the partition function (3) is calculated with the BCS effective Hamiltonian while the variation of the pairing correlations with the temperature are characterized by the pairing gap (see for example [21] ). is expected for small finite systems. As it is well known, the sharp transition predicted by FT-BCS is connected to the breaking of particle number conservation, leading automatically to a grand-canonical treatment instead of a canonical one. A more involved but more appropriate approach, which keeps the physical insight of quasiparticle models, can be obtained working with the particle number projected densityD
where Z = Tr(P N exp(−βĥ)P N ),ĥ is the BCS effective Hamiltonian, andP N is the projector onto good particle number. This density is used below in a variation after projection (VAP) scheme to minimize the Helmholtz free energy. This approach has been proposed already some times ago [11] and recently tested in the Richardson model [2] . Technical details related to the solution of the FT-VAP equations can be found in the latter ref-
erence. An illustration of the pairing gap obtained using the FT-VAP approach can be seen in the top panel of Fig. 2 where are shown the results for the isotopes 162 Dy and 172 Yb. Contrary to the FT-BCS approximation, FT-VAP predicts a smooth transition from the superfluid to to the normal phase, with a non-vanishing pairing gap extended up to high temperatures. To test the predictions of FT-VAP we have also done calculations using the exact solutions of the pairing Hamiltonian obtained by direct diagonalization and, similarly to ref. [2] , we have estimated the pairing gap by the formula
where E is the total exact energy and E 0 is given by
The s.p. occupation numbers n i are those deduced from the exact calculation. The gap obtained by the exact diagonalization and the FT-VAP are compared in the bottom part of Fig. 2 . As can be seen, the two calculations give similar gaps, indicating the high accuracy of the FT-VAP approach. In Fig. 2 are given also the pairing gaps obtained for the odd nuclei. As expected, at low T , the gaps in odd systems are smaller than in the even systems. This difference tends to disappear as the temperature increases. For 161 Dy and to a lesser extend for 171 Yb, we also observe a small re-entrance effect around T = 0.5 MeV (resp. around 0.2-0.3 MeV). This effect is related to the thermal scattering of the odd particle in high energy s.p. levels, which increases the available phase space for the pair scattering.
III. HEAT CAPACITY
Statistical properties of hot nuclei are commonly described by the heat capacity extracted from experimental level density. The specific heat is calculated from the second derivative of the partition function
The partition function and the specific heat for 162 Dy, obtained with the s.p. spectrum truncated by a 3 MeV energy window around the Fermi level, are shown in Fig.  3 by the lines labeled "int,tr". For comparison are also shown, by the lines labeled "nint,tr", the results corresponding to the free spectrum (G=0). It can be seen that, in both calculations, the specific heat has an unphysical behaviour at high temperatures. To cure this behaviour one should considering s.p. states from energy windows around the Fermi energy larger than 3 MeV. Since the pairing force is of zero range, in principle the effect of pairing correlations can be study with any energy window provided the strength of the force is adjusted such as to preserve the amount of pairing correlations, measured, for instance, by the BCS pairing gap. However, this strategy cannot be applied for too large energy windows because the number of excited states which can be built on from the s.p. levels becomes too large to be handled in the FT-VAP or direct diagonalization calculations. The calculations can be, however, simplified by taking into account the fact that the pairing correlations have little effect on the excitations of high energies. Based on this argument, we adopt here the calculation scheme proposed in Ref. [6] and assume that the pairing interaction affects the excitation energies generated by the s.p. energies taken from a restricted region around the Fermi energy while the rest of s.p. spectrum is treated as in the case of non-interacting particles. For the partition function this approximation can be written as [6] :
where Z is the partition function calculated without the pairing interaction considering all the s.p. levels from a window of 7 MeV around the Fermi energy. We have checked that enlarging further this space does not affect the results in the temperature region considered below.
As an illustration of the use of formula (10), in top panel of figure 3 are shown the various contributions to the partition function for the case of 162 Dy. The results obtained with the extended partition function are labeled by "int". For temperatures below T ≃ 0.5 MeV the canonical partition function for the non-interacting case (G=0) is evaluated by a direct counting of the excited states. For higher temperatures, when this procedure becomes numerically difficult, the canonical partition function Z ′ nint is evaluated, through the saddle point approximation, from the partition function in the grandcanonical ensemble. This approximation is discussed in Ref. [6] and the main formulas are given in appendix A. It should be mentioned that this approximation does not work well at low temperatures, which is the reason why we apply it here for temperatures above T ≃ 0.5 MeV.
From the partition function calculated as explained above we have obtained the heat capacity by applying Eq. (9). The results for 162 Dy are shown in the bottom panel of Fig. 3 . This figure clearly shows that the calculations done in the truncated space become unreliable at higher temperatures. Indeed, from Fig. 3 one can notice that for temperatures larger than T ≃ 0.5 MeV the heat capacity calculated in the truncated space becomes much smaller than the specific heat evaluated with the extended partition function (10) , which reflects the important contribution of high energy excitations which are artificially cut in the former case. On the other hand, as expected from the assumption we have made relative to the calculation of the extended partition function, it can be seen that the specific heats obtained with and without the pairing interaction become similar at high temperatures. The most important information which can be extracted from Fig. 3 is the effect of pairing correlations on the specific heat. Comparing the results obtained with and without the pairing force, one can thus see that below T ≃ 0.5 MeV the specific heat is strongly suppressed by pairing correlations, an effect which can be traced back to the large pairing gap in the low temperature region (see Fig. 2 ). Above T ≃ 0.5 MeV, the specific heat becomes larger than the results for non-interacting particles and then, at much higher temperatures, it goes closer to the latter. This dependence of the specific heat on temperature is commonly referred to as a "S-shape" behaviour.
We have also analyzed the effect of pairing on specific heat separately for protons and neutrons. The results for the isotopes 161,162 Dy and 171,172 Yb are given in Figs. 7 and 8. In these figures are shown the results obtained by applying, in the truncated space, the FT-VAP approximation and the method of direct diagonalization. It can be seen that both treatments give similar results, confirming again the good predictive power of the FT-VAP approximation. From these figures we can observe that for even number of neutrons or protons there is a large difference between the non-interacting and interacting case, as noticed for the total specific heat of 162 Dy discussed above. However, for odd number of neutrons this difference is much smaller. Consequently, the effect of pairing on total specific heat in even-even and oddeven isotopes is different. This is illustrated in Figure 6 . As expected, at large temperatures, for which the pairing correlations are not anymore effective, the difference between even-even and odd-even systems is becoming very small. To check the convergence of the results with the energy window chosen for the pairing interaction, we have performed a second calculations by enlarging the interacting window from 3 MeV to 5 MeV. In both calculations the strength of the pairing force was fixed in order to get a BCS gap equal to ∆ = 0.8 MeV and the extended partition function was calculated with a window of 7 MeV. The results for the specific heat obtained for the two energy windows are shown in Fig. 7 . It can be seen that the two calculations are on top of each other.
The specific heat calculated in the present approach depends on the assumptions made on single-particle energies and the strength of the pairing interaction employed in the Hamiltonian (1). The sensitivity of the specific heat to the strength of the pairing interaction is illustrated in Fig. 8 where it is shown the specific heat of neutrons in 162 Dy obtained with three values for the strength corresponding to the BCS gaps ∆ = {0.6, 0.8, 1.0} MeV. As expected, the Sshape is becoming more pronounced when the strength of the force is increasing.
How much depends the specific heat on the singleparticle spectrum can be seen from Figs 9 and 10, where are compared the results obtained with the energies provided by the Skyrme-HF and the RMF calculations. In both cases the strength of the pairing force is adjusted to obtain the same BCS gap. It can be seen that there are significant differences between the results obtained with the two mean fields, especially for Yb isotopes. These differences are related to the distribution of the single particle levels around the Fermi energy, shown in Fig.  1 . Consequently, a change of the pairing strength can be easily compensated by a change in the single particle energies, which makes the comparison with experimental data rather difficult, especially keeping in mind the current debate regarding the possibility for an energy density functional approach to be predictive for the effective single-particle energies [22] .
As it has been observed in previous studies (e.g., see [18] ), the presence of a bump or a S-shape in the heat capacity does not necessarily signs the transition from superfluid to normal system. This is clearly proved by the non-interacting case, where bumps are sometimes observed in the low temperature regime. Such a behavior is indeed expected if isolated single-particle states are lying very close to the Fermi energy and a gap in energy exist between these states and other surrounding states. This situation happens for instance in the case of Yb nuclei for neutrons (see Fig. 1 (left) ) and is reflected by a pronounced bumps at low temperature ( Figure 5) .
To be more quantitative, let us consider the schematic situation of a set of N degenerated two-level system centered around the Fermi energy. The system is assumed to be isolated from the other states. Then, the noninteracting hamiltonian can be written as:
For this system, the canonical partition function writes:
leading to: Independently of the state degeneracy N , this heat capacity has a maximum at β∆ε/2 ≃ 1.2, leading approximately to T ≃ 0.417∆ε. This formula can give grossly indications on the possible appearance of the lowest peak in the low temperature region. For instance, from Fig. 1 , we can deduce that ∆ε n ≃ 0.26 MeV (Yb nuclei with RMF-PK1) leading to an expected bump around 0.1 MeV, that is consistent with the bump observed in upper panel of Fig. 5 which appears at 0.07-0.08 MeV.
IV. COMPARISON WITH EXPERIMENT
The specific heats for Dy and Yb isotopes have been evaluated from the experimental level density in Refs [16, 17] . How these results compare with the present calculations, in the case of s.p. energies generated by RMF can be seen in Fig. 11 . This figure shows that the calculated heat capacities underestimate significantly the experimental results. At first glance, one might conclude that the theory cannot quantitatively describe the experiments. However, it should be kept in mind that in Refs. [16, 17] the heat capacities are obtained from the level density using specific assumptions. More precisely, in Refs. [16, 17] it is used the experimental level density for excitations below 8 MeV/nucleon while for higher excitation energies it is employed the level density provided by the Back Shifted Fermi Gas Model (BSFGM) (Eq. (5) of [17] ). In the present calculations, we have used for all excitations energies the level density generated by a discrete set of single-particle states. This assumption is expected to work reasonable well for low energy excitations but not for high energy excitations for which the contribution of the continuum become important. Thus the underestimation of the C V at high temperatures by the theoretical calculations appears to be related to the underestimation of the level density compared to the BS-FGM.
To check that the difference between theory and experiment originates mainly from the different treatment of level densities at high excitation energies, where the pairing interaction is expected to not contribute, we have calculated the specific heat with the partition function Eq. (10) obtained using Z nint evaluated with BSFGM. The results are shown in Fig. 11 . For comparison, for even isotopes we show also the specific heats obtained in the FT-BCS approach, calculated with Z nint generated by BSFGM, which present the unphysical sharp transition between the superfluid and the normal phase. It can be observed that the agreement of the FT-VAP results with the experiments is greatly improved. In particular, the calculated specific heat is now joining the experimental results at high temperatures. Globally, the S-shape behaviour of the specific heat seems to be more pronounced than in the calculations. However, we should keep in mind that, as we have discussed above, the shape of the calculated specific heat is rather sensitive to the assumption made for the mean field and to the strength of the interaction. This can be further seen in Fig. 12 , where the calculated specific heats obtained by using the RMF and HF single-particle levels are compared to the experimental data. It can be noticed that the larger differences are found for the Yb isotopes. These differences in the calculated specific heat are generated mainly by the different proton level density around the Fermi level predicted by the HF and RMF calculations (see Fig. 1 ).
It should be mentioned that a conclusion on the validity of RMF compared to HF would be erroneous. Indeed, changing the Skyrme functional in HF and/or the effective interaction in RMF would completely change the level scheme and the comparison with experiments.
V. CONCLUSION
In the present paper we have studied the effect of pairing correlations on specific heat of hot nuclei in the framework of a variation after particle-number projection BCS formalism extended to finite temperature (FT-VAP). The calculation are done in canonical ensemble and with a Hamiltonian composed of a single-particle term, generated by Skyrme-HF or RMF calculations, and a pairing interaction of seniority type. The pairing interaction is considered active in a limited window around the Fermi level. The contribution of the states from the pairing Comparison between the calculated specific heats and the specific heats extracted from experimental data [16, 17] . By "th(1)" are indicated the results obtained with the level density generated by the single-particle spectrum of RMF. The results "th(2)" are obtained employing in Eq. (10) window to the canonical partition function is calculated in the FT-VAP approach and by direct diagonalization, the latter being used to test the accuracy of FT-VAP results. The contribution of the states outside the pairing window is taken into account through the grand canonical partition function of a non-interacting system, which is reduced to the canonical representation by the saddle point approximation. With this calculation scheme we have evaluated the specific heat in the isotopes 161,162 Dy and 171,172 Yb. It is thus shown that the pairing correlations have a significant influence on the specific heat, especially for temperatures below T = 0.5 MeV. The comparison with the non-interacting systems shows clearly that the pairing correlations contributes to the S-shape behaviour of the specific heat, as noticed in the data extracted from experiment.
Compared to the specific heat extracted from experimental data, the calculations predicts much smaller values at larger temperatures. It is shown that the FT-VAP approach is in fact able to predict results close to the experiment if the contribution of the high energy excitations is calculated not with the single-particle states provided by the mean field models but with the Back Shifted Fermi Gas model, as actually done when the experimental specific heat is evaluated. The necessity to replace the non interacting partition function at large excitation energy by the BSFGM one, clearly points out the important role of continuum part of the spectrum, neglected in these calculations. The calculated specific heat can be also influenced by the low-lying collective states which are not accounted for by the Hamiltonian (1). These two issues will be analysed in a future study.
